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Abstract
We consider a solution to the problem of time in quantum gravity by
deparameterisation of the ADM action in terms of York time, a parameter
proportional to the extrinsic curvature of a spatial hypersurface. We study a
minisuperspace model together with a homogeneous scalar field, for which
we can solve the Hamiltonian constraint exactly and arrive at an explicit ex-
pression for the physical (non-vanishing) Hamiltonian. The scale factor and
associated momentum cease to be dynamical variables, leaving the scalar
field as the only physical degree of freedom. We investigate the resulting
classical theory, showing how the dynamics of the scale factor can be recov-
ered via an appropriate interpretation of the Hamiltonian as a volume. We
then quantise the system in the Schro¨dinger picture. In the quantum theory
we recover the dynamics of the scale factor by interpreting the spectrum and
expectation value of the Hamiltonian as being associated with volume rather
than energy. If trajectories in the sense of de Broglie-Bohm are introduced
in the quantum theory, these are found to match those of the classical theory.
We suggest that these trajectories may provide the basis for a perturbation
theory in which both background and perturbations are quantised.
1 Introduction
Many of the difficulties encountered when attempting to construct a quantum the-
ory of gravity have their origin in what has been broadly labelled as ‘the prob-
lem(s) of time’, most prominently among them the ‘frozen’ dynamics implied
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by the Wheeler-deWitt equation. A large literature has been dedicated to dis-
cussing these issues and attempts to resolve them (see [1, 20, 28, 30] and refer-
ences therein).
One possibility is the identification of a ‘physical time’, that is, a physically
preferred temporal parameter, which may be extrinsic (derived from the gravi-
tational/ geometric degrees of freedom including the extrinsic curvature), intrin-
sic (taken from among the gravitational/geometric 3-variables alone), or derived
from non-gravitational degrees of freedom such as matter fields. For an example
of ‘matter time’, see [12], [18]. In this paper we will consider an example of
extrinsic time.
The question arises how a time parameter should be identified from among the
gravitational degrees of freedom. Furthermore, the choice made must be justified
if it is to be understood as physically preferred rather than just computationally
convenient. Choosing such a time parameter is equivalent to choosing a 3+1-
slicing of the spacetime based on a geometric property of the slices. It is crucial
to note that while in the classical theory one may disregard such choices of time
parameter as a mere gauge-fixing with identical phenomenology, in general this
need not be true following quantisation. That is, different choices of slicing fol-
lowed by quantisation can in principle lead to different phenomenologies. Thus
quantum-gravitational effects might, at least in principle, help identify true phys-
ical time if indeed there is one.
One suggestion [13] has been to identify the trace K of the extrinsic curva-
ture Kij with time, leading to spatial slices of constant mean curvature (CMC),
parametrised by ‘York time’ T = 1
12piG
K. As we shall discuss in section 2, for
a homogeneous expanding universe York time is proportional to (the negative of)
the Hubble parameter. Thus in a sense T may be regarded as a measure of spatial
expansion.
The importance of CMC slices has been known at least since York’s solution
of the initial-value problem of general relativity [35, 36]. The initial-value prob-
lem is not straightforward due to the requirement that the constraints arising from
the four-diffeomorphism invariance must be satisfied, yet sufficient data must be
provided that the future evolution is uniquely determined (up to local gauge trans-
formations). York showed that the specification of the conformal part of the three-
metric and associated momentum on a CMC slice fulfils this requirement, where
the CMC property allows a decoupling of the Hamiltonian and momentum con-
straints.
One might consider York’s method not only a convenient mathematical tool
for finding consistent initial conditions, but also an indication that only those de-
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grees of freedom are, in fact, physical. Recently this line of enquiry has inspired
a theory of gravity based on a conformal 3+1-formalism that is phenomenologi-
cally equivalent to general relativity (up to the exclusion of certain pathological
solutions of GR) known as shape dynamics [15, 23], based on earlier work on
conformal theories of gravity by Barbour and collaborators (for example, [2, 3]).
Here the problem of time is addressed by moving to entirely dimensionless vari-
ables. The natural temporal parameter is the (also dimensionless) ratio of the York
parameter at one instant and at an arbitrarily chosen reference time [8]. The value
of this parameter is inaccessible, but a dimensional ’time’ as measured by phys-
ical clocks can be recovered entirely within the gravitational dynamics [7]. The
approach taken in the present paper is more standard in that we start from general
relativity and a 3+1 splitting rather than from an evolving 3-dimensional confor-
mal geometry. Ultimately there may be good reasons to prefer the shape dynamics
starting point. However, here we start with cosmology in the ADM description.
Another compelling reason for investigating gravitational dynamics with T as
a physical time parameter has been given by one of the authors [31–33]. Here it
was argued that in the de Broglie-Bohm formulation of quantum theory [6, 10,
11, 14, 17] and other hidden-variable approaches a preferred slicing of spacetime
is required in order to make sense of non-locality. Non-local mechanisms in an
arbitrary slicing would lead to inconsistencies. It was suggested that York time
has certain properties that make it suitable as a physical time parameter. Thus
there are reasons on both the classical and quantum level to consider York time as
an absolute time parameter.
We wish to point out that there are, however, other options. An interesting sug-
gestion has been made by Smolin and Soo [29], who argue that the Chern-Simons
invariant also has properties that make it viable as a physical time coordinate.
In fact, the authors show that in an appropriate limit the Chern-Simons invariant
becomes imaginary and reduces to the extrinsic curvature.
In this paper we focus on carrying out a formal quantisation, without commit-
ting ourselves to a particular understanding of what is meant by ’time’. Broadly
speaking there are two main approaches, on which we shall briefly comment.
The first, ‘pre-relativistic’ approach regards time as an external parameter. On
this view, time is a primitive and need not be thought of as defined operationally
(for example by a clock). One may regard the time parameter as defined in such
a way as to make the equations of motion as simple as possible (see for example
Misner et al. [24, pp. 23-27]). While this approach fell out of favour with the
development of relativity theory, in which there is no preferred frame, in our view
it is not necessarily problematic; and it could be advantageous in the context of
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quantum gravity, in particular in a de Broglie-Bohm formulation [31–33].
The second, ‘operational’ view regards time as necessarily defined in terms of
clocks or other material systems. If one adopts the second viewpoint, we suggest
that a natural approach would be to operationally identify time with the expansion
of space. While a proper analysis lies outside the scope of this paper, in effect we
are suggesting that measurements of the Hubble parameter could be reinterpreted
as measurements of York time (at least for the case of a spatially homogeneous
universe). Alternatively, an operational approach might best be implemented in
terms of the dimensionless analogue of York time employed by Barbour et al. [8].
The method we pursue here to obtain the dynamics for a minisuperspace
model with York time is via a reduced Hamiltonian formalism. Realising that
the Einstein-Hilbert action, when decomposed into 3+1-form, is in parameterised
form [5], we identify one local degree of freedom q0 to serve as time and solve
the Hamiltonian constraint H for the momentum Pq0 conjugate to q0. The phys-
ical (non-vanishing) Hamiltonian of our deparameterised theory is then given by
Hq0 ≡ −Pq0 . The physical Hamiltonian Hq0 is now given as a function of the re-
maining degrees of freedom and possibly q0 itself, that is, it may carry an explicit
time dependence. The physical meaning of the numerical value of Hq0 results
from the choice of Pq0 when deparameterising. In a parameterised particle model
the momentum conjugate to Newtonian time t is −E, where E is the energy of
the system (see Lanczos [21]). Deparameterisation to Newtonian time then yields
a Hamiltonian whose numerical value is the energy. If the solution, that is, the
expression for Ht in terms of the other degrees of freedom, happens to be time-
independent, then energy will be conserved. In the case of York time T , the
reduced Hamiltonian density turns out to be the local volume element
√
g, where
g is the determinant of the local 3-metric gab.1 The general consistency of the
reduced Hamiltonian procedure for the ADM action has been known since [4].
This approach has been considered by Choquet-Bruhat and York [13], but
solving the Hamiltonian constraint for PT is difficult and an analytic solution for
the general case is unknown. Following a short review of York time (section 2),
in this paper we will perform the procedure explicitly in the context of a minisu-
perspace model with a homogeneous scalar field φ. To the authors’ knowledge
this dynamics has never been developed fully for a simple model such as the one
presented here, although some formal results exist (for example [19]) and York
1For a general foliation of space-time into 3-space slices, there is of course nothing that guar-
antees the constancy of T across each slice. This must therefore be imposed as a condition on the
slicing, enforcing constant mean curvature across each slice (see section 2). The Hamiltonian will
then be an integral of −PT over the slice, although in a minisuperspace model this simply gives a
constant and no spatial integral appears.
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time has been repeatedly considered throughout the literature. As we will show,
the Hamiltonian constraint takes the form of a depressed cubic that may be readily
solved. In the case of a spatially flat universe the resulting reduced Hamiltonian
for φ, now the homogeneous field value across all space, turns out to be linear in
momentum pφ and furthermore explicitly time-dependent (section 3). The dynam-
ics for both zero and non-zero potential V (φ) is governed by first-order equations
(section 4). The dynamics is equivalent to the standard Friedmann-Lemaıˆtre and
Klein-Gordon equations, as is shown in the appendix. This reduction of order as
compared to the cosmological-time dynamics —at the cost of the introduction of
an explicit time dependence— is a general feature of York time.
We then quantise the theory in the Schro¨dinger picture and analyse the re-
sulting dynamics (section 5). It turns out to be useful to perform the analysis
of the quantum theory in the de Broglie-Bohm formulation, although we empha-
sise that our quantisation procedure is independent of doing so.2 The interesting
result obtained here is that, when calculating quantum trajectories as postulated
by the de Broglie-Bohm approach, we find that they exactly match those of the
classical theory. In the theory with non-zero potential a factor ordering ambiguity
arises, although a symmetric ordering is shown to have unique properties. If one
considers the conventional quantum theory for this system (without trajectories),
the corresponding result is that the probability density evolves like a classical en-
semble. An implication to be explored in future work is that, if one considers our
minisuperspace model as a ‘background’ on which to introduce perturbations, one
can treat both background and perturbations quantum-mechanically, that is, one
does not have to rely on a ‘classical’ background on which only perturbations are
quantised.
The explicit time dependence of the Hamiltonian implies that its eigensolu-
tions vary in time. In analogy with energy in more conventional systems, we
identify the eigenvalues of the Hamiltonian as ‘volume eigenvalues’ and the cor-
responding eigenstates as ‘volume eigenstates’. We show that for the free theory
the fractional rate of change of the volume eigenvalues in time is universal across
all eigensolutions. Volume expectation values therefore all share the same frac-
tional rate of change, which matches the classical one for the free theory, where
one may thus recover the Friedmann-Lemaıˆtre dynamics entirely on the quantum
level. In the case of non-zero potential a difficulty arises in that the eigenfunctions
are not normalisable. We compute an expression for the fractional rate of change
2The de Broglie-Bohm formulation has been used in quantum cosmology by a number of
authors, such as by Pinto-Neto and collaborators in connection with bouncing models [25, 27], by
Pinto-Neto, Santos and Struyve [26] and Valentini [34] in relation to inflation, and most recently
by He, Gao and Cai in work on the mathematical foundations of big-bang cosmology [16].
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of volume, although in practice some form of regularisation method will have to
be used to interpret this. In the case of non-zero V (φ) the eigenfunctions them-
selves are furthermore time-dependent, which leads to a state-dependent term in
the computed expression.
We conclude with a discussion and suggestions for future work.
A note on conventions: Throughout this article Latin indices are understood
to take values 1, 2, 3, ranging over spatial dimensions only, while Greek indices
also include the temporal direction, taking values 0, 1, 2, 3. We use a 4-metric
signature of −+ ++. The left-superscript (4) signifies 4-quantities in space-time.
We use units such that c = ~ = 1, but refrain from normalising the gravitational
constant G since we consider it useful to see how the dynamics depends on the
physical value of G.
2 Review of York time
2.1 Extrinsic curvature and York time
The extrinsic curvature Kij of a spatial hypersurface describes the manner in
which the slice is embedded in the full space-time manifold. Thus an isolated
slice cannot be said to have an extrinsic curvature. Formally Kij may be defined
in terms of the Lie derivative of the spatial 3-metric gij on the slice in the direction
nˆ that is normal to the hypersurface:
Kij := −1
2
Lnˆgij = −1
2
Lnˆ (4)gij = −1
2
(
nµ∂ (4)µ gij +
(4)giµ∂jn
µ + (4)gµj∂in
µ
)
.
(2.1)
Kij contains information about the parallel-transport properties of the normal vec-
tor ni (as well as of vectors tangent to the hypersurface) from one slice to another.
It may be re-expressed in terms of the covariant derivative as Kij = −∇jnk.
In order to describe the embedding of a slice with respect to others one splits
the 4-metric (4)gµν into its time-time, space-time and space-space parts using the
lapse and shift functions N and N i together with the 3-metric gij defined on the
slice [5]. A space-time interval now takes the form
ds2 = gµνdx
µdxν = −(N2 −NiN i)dt2 +Nidxidt+ gijdxidxj. (2.2)
The lapse N can be understood to give the rate of change of proper time with
respect to coordinate time in the direction normal to the slice, dτ = Ndt, while
6
the shift N i determines the deviation of lines of constant spatial coordinate from
the normal 4-vector nµ to the spatial slice. A proper 4-volume element is given by√
(4)g = N
√
g, where g = det(gij). For a detailed discussion of the 3+1-slicing
in this manner, as well as for the formal properties of the extrinsic curvature Kij ,
see [24].
In terms of the lapse N and shift N i, Kij takes the form
Kij =
1
2N
(
∇iNj +∇jNi − ∂gij
∂t
)
, (2.3)
where t is an arbitrary temporal parameter labelling the slices and∇i is the spatial
covariant derivative on the slice. For the remainder of this paper we will set the
shift Ni to zero everywhere. This is always possible provided lines of constant
spatial coordinates do not reach a singularity. Setting N i = 0 can be understood
as a partial gauge fixing of the 4-diffeomorphism invariance of general relativity.
The idea of using the scalar extrinsic curvature K ≡ gijKij as a time param-
eter originated in York’s work on the initial-value problem of general relativity
[35, 36], that is, the problem of finding the most general complete set of initial
data on a space-like hypersurface such that the Hamiltonian and momentum con-
straints are satisfied. The constraints are
0 = Ha ≡ −2∇bpab (2.4)
0 = H ≡ 16piG√
g
(
pabp
ab − 1
2
p2
)
−
√
g
16piG
R, (2.5)
where pab is the momentum conjugate to gab and p = gabpab denotes its trace.
York’s insight was to begin by constructing a pair of symmetric gab and pab
which satisfy the momentum constraint (2.4), which is easily done. On a maximal
hypersurface (K = 0) the momentum constraint is preserved under conformal
transformations gab → g¯ab = ϕ4gab, pab → p¯ab = ϕ−4pab (the power of 4 is just
for convenience). Performing such a transformation implies that the Hamiltonian
constraint (2.5) is satisfied if and only if the conformal factor ϕ satisfies
1
16piG
(−8∇2ϕ+Rϕ) = 16piGg−1pabpabϕ−7, (2.6)
known as the Lichnerowicz equation. R is the spatial scalar curvature. Then the
pair g¯ab, p¯ab satisfies both constraints as was required. The procedure is extended
to non-maximal but constant-mean-curvature hypersurfaces by replacing pab by
its trace-free part σab := pab − p
3
gab, which is transverse on CMC surfaces. The
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Lichnerowicz equation then takes the form
1
16piG
(−8∇2ϕ+Rϕ) = 16piG
(
g−1σabσabϕ−7 − 3
8
T 2ϕ5
)
. (2.7)
The above equation holds for the vacuum case. The inclusion of general matter
terms is a subtle issue in that the power r in the rescaling factor ϕr appropriate for
the energy density depends on whether or not this source carries a fundamental
(fixed) length scale (see Choquet-Bruhat and York [13], section 3.3.3).
The variable T := 2p
3
√
g
, being proportional to K, is constant across each slice.
It follows from the equations of motion that T increases in positive timelike di-
rections, and so it represents a suitable choice of time parameter. The variable
conjugate to T is
√
g, which in the reduced Hamiltonian formalism below will
therefore be identified with −H , H being the physical Hamiltonian associated
with time T .
A reader unfamiliar with York time may find it helpful to obtain a more in-
tuitive understanding of the meaning of T . One way to characterise the extrinsic
curvature is as a complete description of the deformation of a local volume ele-
ment as one passes from one slice to another. The trace K in particular denotes
the fractional rate of change in volume, that is, d
√
g = −K√gdτ , where dτ
is an infinitesimal interval of proper time. In a cosmological scenario we have√
g ∼ a3, a being the global scale factor, giving T = 1
12piG
K = − 1
4piG
a˙
a
, so T is
just proportional to the negative of the Hubble parameter. The numerical constant
is chosen such that the momentum conjugate to T is just PT = −√g = −a3,
where ‘conjugate’ is defined with respect to the Einstein-Hilbert action in 3+1
ADM form.
Thus for a closed universe T takes values −∞ at the big bang and +∞ at
the big crunch. In the flat and open case T begins at −∞ and approaches 0 from
below as standard cosmological time t approaches infinity.
2.2 The Friedmann-Lemaıˆtre equations in York time
Consider now such a homogeneous isotropic cosmological model. We will de-
velop this properly below, but in this section we simply wish to gain a preliminary
understanding of the type of dynamics we might expect when using York time.
For simplicity, in this paper we will not discuss the impact of a non-zero cosmo-
logical constant, although this may be obtained by simply choosing V (φ) to con-
tain an additive non-zero constant. The standard form of the Friedmann-Lemaıˆtre
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equations (FLE) is
a˙2
a2
+
k
a2
=
8piG
3
ρ (2.8)
a¨
a
= −4piG
3
(ρ+ 3P). (2.9)
The first of these corresponds to the time-time component of the Einstein equa-
tions and the second to a combination of the space-space and time-time compo-
nents. Here a dot denotes differentiation with respect to cosmological time t, with
N = 1. The parameter k takes values 0,+1,−1 for a flat, closed and open uni-
verse respectively. ρ denotes the energy density and for a scalar field takes the
form ρ = 1
2
φ˙2 + V (φ). The pressure P is given by P = 1
2
φ˙2 − V (φ).
Using T = − 1
4piG
a˙
a
, written in terms of York time equation (2.8) becomes
16pi2G2T 2 +
k
a2
=
8piG
3
ρ, (2.10)
which is purely algebraic if ρ does not contain any time-derivatives, as is the case
for a dust-dominated universe, or if we have a field for which appropriate “slow-
roll” conditions are satisfied (so that we can ignore the kinetic term). This possible
reduction of order in return for explicit time dependence will be a key feature we
encounter in the reduced Hamiltonian formalism below. Note though that if ρ
does contain time-derivatives as it is the case for a general scalar field, then we
must convert the derivative with respect to t into one with respect to T in order to
avoid reference to t. In general this requires us to determine the York lapse NT ,
defined by dt = NTdT (since Nt = 1).
Let a prime (′) denote differentiation with respect to T . We have N−1T a
′ =
a˙, which together with T = − 1
4piG
a˙
a
implies N−1T = −4piGT aa′ , allowing us to
replace φ˙ in ρ by N−1T φ
′. Since a′ appears in the lapse, the resultant form of the
first FLE is not algebraic. In the simplest case, namely a free scalar field (V = 0)
in a flat (k = 0) universe, the FLE takes the form a˙
2
a2
= 8piG
6
φ˙2, which gives
a′2
a2
=
8piG
6
φ′2 (2.11)
after multiplying both sides by the N−2T . Here explicit knowledge of NT would
not have been necessary.
The simplest way to transform the second FLE into a form without reference
to t is to use
N−1T =
dT
dt
= − d
dT
1
4piG
a˙
a
= − 1
4piG
a¨
a
+ 4piGT 2 (2.12)
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and combine this with the previous expression for NT to give
a¨
a
= 16pi2G2
(
T 2 +
aT
a′
)
. (2.13)
For the scalar field eq. (2.9), after some appropriate rearrangement, now takes the
form
a′
a
= − T
T 2 + 1
12piG
(ρ+ 3P) , (2.14)
which is a first order equation even after replacement of φ˙ by N−1T φ
′. Here the
reduction of order in return for explicit time dependence is general, provided ρ
does not contain second or higher order time derivatives, a property that holds true
in most conceivable physical examples. Alternatively this equation could have
been obtained by explicit differentiation using d
2
dt2
= N−1T
d
dT
(
N−1T
d
dT
)
together
with N−1T = −4piGT aa′ .
We have transformed the FLEs from equations in t to equations in T . This
will allow us to check our formalism developed below for consistency with the
cosmological-time Friedmann-Lemaıˆtre dynamics. For a scalar field the last rele-
vant equation is the Klein-Gordon equation. In terms of t this is given by
0 = φ¨+ 3
a˙
a
φ˙+
∂V
∂φ
(φ). (2.15)
Expressed in terms of dependence on T rather than t this equation can be written
in the form
0 = φ′′ +
φ′
T
+ 4
a′
a
φ′ − a
′′
a′
φ′ +
1
16pi2G2T 2
a′2
a2
∂V
∂φ
(φ) (2.16)
where extra terms have arisen from the differentiation of the lapse in φ¨ = N−1T
d
dT
(N−1T
dφ
dT
).
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3 The reduced Hamiltonian for a Friedmann-Lemaıˆtre
cosmology with York time
For a homogeneous, isotropic universe the Einstein-Hilbert action, written in ADM
3+1-form, is3
A =
∫
dt Na3 (Lgrav + Lφ)
=
1
16piG
∫
dt
(
6Nka− 6
N
aa˙2
)
+
∫
dt
(
a3
2N
φ˙2 −Na3V (φ)
)
, (3.1)
where a is the scale factor, φ is the scalar field,N is the lapse function correspond-
ing to time-parameter choice t and V (φ) is a currently arbitrary potential term. In
this section a dot denotes differentiation with respect to the arbitrary time param-
eter t, not necessarily cosmological time, which corresponds to a choice N = 1.
It will at all times be clear from context whether t denotes a general temporal pa-
rameter or cosmological time specifically. As above, k = 0,±1 for a spatially flat,
closed/open universe respectively. The spatial integral over which the Lagrangian
densities were integrated gives a fixed constant, which has been absorbed into the
scale factor a. The standard Friedmann-Lemaıˆtre equations (2.8, 2.9) can be ob-
tained by variation of N and a and setting N = 1 in the resulting Euler-Lagrange
equations. The Klein-Gordon equation (2.15) in cosmological time is obtained
via variation of φ with N = 1.
The canonical momenta are
pa = − 3
4piG
1
N
aa˙, pφ =
a3
N
φ˙. (3.2)
Using these to rewrite the action in canonical form gives
A =
∫
dt
[
a˙pa + φ˙pφ −N(Hgrav +Hφ)
]
(3.3)
where
Hgrav +Hφ = −2piG
3
p2a
a
− 3ka
8piG
+
p2φ
2a3
+ a3V (φ). (3.4)
3Here we use a normalisation such that the volume (that is, the integral over homogeneous
space) is given by a3 without any numerical factor. For the flat case, on which we focus here,
this normalisation is arbitrary and a numerical factor C drops out at the level of the Hamiltonian
constraint when written in terms of York variables (since York time T and its conjugate momentum
PT are then rescaled by 1/C and C respectively). For a closed universe the appropriate expression
for the volume is 2pi2a3 rather than a3.
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Variation of N implies the Hamiltonian constraint Hgrav + Hφ = 0, which is the
origin of many of the issues arising in canonical quantum gravity.
We introduce York time T ≡ pa/3a2 as a new variable with its conjugate
momentum PT = −a3. It is easy to verify that indeed PT T˙ = paa˙ up to a total
derivative, which does not change the equations of motion. With the change of
variables (a, pa)→ (T, PT ) the Hamiltonian constraint becomes
Hgrav +Hφ = −
p2φ
2PT
+ 6piGT 2PT +
3k
8piG
P
1
3
T − PTV (φ) = 0. (3.5)
This is the equation we must now solve for −PT , which will be identified with
our reduced (physical) Hamiltonian H . It is the minisuperspace counterpart to the
Lichnerowicz equation, written in terms of the York variables. The equation is
seen to be a depressed cubic in P−2/3T , which may be solved by standard methods,
giving
H = −pφ
[
U + 3
(
1
4
U2 − C2k
) 1
3
((
1
2
U + Ck
) 1
3
+
(
1
2
U − Ck
) 1
3
)]− 1
2
,
(3.6)
where we define
U = U(φ, T ) ≡ 12piGT 2 − 2V (φ) (3.7)
Ck = Ck(φ, pφ, T ) ≡
√
1
4
U2 − (k/4piG)3p−2φ (3.8)
for notational convenience. This solution is not valid for PT = 0, that is, the
singular case a = 0. The physical interpretation of the numerical value of H ,
analogous to the identification of the Hamiltonian with ‘energy’ in more usual
systems, is that of a ‘volume’, since H was obtained as H = −PT = a3 (although
in the flat and open case only volume ratios are meaningful).
In the case of a spatially flat universe (k = 0) we have Ck = 12U , which
significantly simplifies the Hamiltonian:
Hk=0 = −pφU− 12 = − pφ√
12piGT 2 − 2V (φ) . (3.9)
This is the Hamiltonian whose dynamics we will investigate in what follows. We
will omit the subscript k = 0.
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The equations of motion are
φ′ =
∂H
∂pφ
= − 1√
12piGT 2 − 2V (φ) (3.10)
p′φ = −
∂H
∂φ
= − pφ
(12piGT 2 − 2V (φ)) 32
· ∂V
∂φ
. (3.11)
At this stage the reader may be concerned that the radicand U = 12piGT 2 −
2V (φ) in the denominator of 3.9 (and 3.10, 3.11) may take non-positive values.
We will now alleviate this concern. First note that Hamilton’s equations (3.10,
3.11), together with the identification a3 = H , where H is given by eq. 3.9, are
equivalent to the standard Friedmann-Lemaıˆtre dynamics. While this equivalence
is what one would expect given our starting point (3.1) for the derivation of the
reduced Hamiltonian, it is instructive to see how the dynamics can be recovered
explicitly without the ‘scaffolding’ that led us there. This is done in the appendix.
Using T = −a˙/4piGa it is easy to show that 12piGT 2 > 2V if and only if a˙2/a2−
8piG
3
V > 0, which by the first FLE (2.8) (which follows from Hamilton’s equations
as discussed) is exactly the condition for the kinetic term φ˙2 to be positive.
4 Classical Hamiltonian cosmology in York time
4.1 The free scalar field
In order to discuss some of the features of cosmological Hamiltonian dynamics
in York time, we begin by discussing the free massless case, setting V (φ) = 0.
Dynamics with a general potential is discussed in section 4.2.
The equation of motion is
φ′ = − 1√
12piG(−T ) , (4.1)
where we have picked the positive branch of the square root (since T ∈ (−∞, 0)
for a flat expanding universe). The momentum pφ is a constant. Eq. 4.1 may be
solved, giving
φ(T ) =
1√
12piG
∫
d(−T )
−T =
1√
12piG
ln(−T ) + φ−1. (4.2)
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Note once again the selection of the appropriate branch of the logarithm for neg-
ative T . Here φ−1 is an integration constant corresponding to the value of φ at
T = −1. Thus φ is monotonically decreasing with
φ(T → −∞) −→ +∞
φ(T → 0) −→ −∞.
It follows that pφ < 0 since pφ = a
3
N
φ˙ and both a3 and N are positive. This will
be used in what follows.
Let us now examine the meaning ofH , the physical Hamiltonian, more closely.
In general, a Hamiltonian has a dual status: On the one hand, it is a function of
the canonical variables {qi, pi}, or in our case {φ, pφ}. On the other, its numerical
value is given a certain interpretation, usually ‘energy’. If the Hamiltonian is not
explicitly time dependent, then its numeric value remains constant in time as a
result of the equations of motion and energy is conserved. This is what makes
energy a useful concept in the first place.
However, in our case the Hamiltonian is time dependent and its numerical
value is not conserved and should not be interpreted as energy. Instead, recall that
we arrived atH via a deparameterisation of the canonical form of the ADM action
by solving the Hamiltonian constraint for H ≡ −PT = a3. Thus the appropriate
interpretation of H is that of a volume, namely the volume of our homogeneous
isotropic universe.
To see that this makes sense, let us define a as
a3 ≡ H, (4.3)
where a will then be found to play the role of a scale factor. That is, given H , we
show that its numerical value does indeed behave like a volume, independently
from the scaffolding used to construct H . Note however that a is not a dynamical
variable in the reduced-Hamiltonian theory. Rather, it is an expression analogous
to ‘E = H’ for conventional systems where the numerical value of H is the
energy E. Thus we must have that da
3
dT
= dH
dT
, giving for the case of the free scalar
field
3a3
a′
a
= − pφ√
12piGT 2
(4.4)
and therefore
a′
a
= − 1
3T
, (4.5)
(using a3 = H again to arrive at the last line). Since T < 0 we have a
′
a
> 0.
Furthermore, T is monotonically increasing and so it follows that the fractional
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rate of expansion is furthermore monotonically increasing. Note that the definition
4.3 is arbitrary up to an overall factor, mirroring an arbitrariness in the absolute
value of the scale factor. Such a factor does not change eq. 4.5.
Using eq. 4.1 to substitute
√
12piGφ′ for T−1 and squaring both sides then
gives eq. 2.11. We have recovered the first of the Friedmann-Lemaıˆtre equations
for the free scalar field.
It is also easy to verify that our dynamics does indeed match eq. 2.14. In the
appendix we do so for the general case with zero or non-zero V (φ). However, for
the free case the derivation is somewhat quicker. Starting with the right-hand side
of eq. 2.14, we use ρ + 3P = 1
2
φ˙2 + 3
2
φ˙2 = 2φ˙2 (recall here V (φ) = 0), and then
φ˙2 = N−2T φ
′2 to eliminate reference to t, with N−1T = −4piGT aa′ . We now apply
the equation of motion (4.1) and simplify the resulting expression, arriving at the
left-hand side of eq. 2.14. Thus the second of the Friedmann-Lemaıˆtre equations
has been recovered.
Using eqs. 4.1 and 4.5 gives the direct relationship between a′ and φ′:
a′
a
= −
√
4
3
piG φ′, (4.6)
whose solution is
a = exp
(
−
√
4
3
piG (φ+ φ−1)
)
. (4.7)
Differentiating this solution twice with respect to t, applying the second Friedmann-
Lemaıˆtre equation in t (which we have already recovered) and re-expressing φ˙2
as φ˙N−1T φ
′ = φ˙
√
12piGT (using the equation of motion (4.1)) and finally using
T = − 1
4piG
a˙
a
then yields the Klein-Gordon equation (2.15) with V (φ) = 0. Thus
we have recovered the entirety of the the Friedmann-Lemaıˆtre dynamics from our
physical Hamiltonian and its interpretation as ‘volume’.
4.2 The scalar field with a potential
Now consider the more general case V (φ) 6= 0. Its equations of motion are eqs.
3.10 and 3.11, the former of which is decoupled from the momentum pφ and
therefore can be considered alone. Solving this equation for φ analytically is
difficult even when V (φ) takes comparatively simple forms. However, we are able
to draw some general conclusions by considering different ‘epochs’ characterised
by the relative size of the terms in the denominator.
Before doing so, consider the evolution of the scale factor a. Analogously
to our treatment of the free scalar field, we interpret the Hamiltonian as volume,
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H = a3. As shown in the appendix, this yields
a′
a
= − T
3T 2 − 3
6piG
V (φ)
. (4.8)
For V (φ) ≡ 0 eq. 4.5 is recovered. Using eq. 3.10, eq. 4.8 implies that φ′ and a′/a
are related via
a′
a
= −4piGTφ′2. (4.9)
Consider now the behaviour of the dynamics by distinguishing between an
early and a late epoch. For a sufficiently early time (−T  1) the term 12piGT 2
will dominate unless 2V (φ) ≈ 12piGT 2. If 12piGT 2  2V (φ), the free theory
is approximately recovered. But in the free theory we had φ ∼ 1√
12piG
ln(−T ),
which satisfies the condition 12piGT 2  2V (φ) if V (φ) is bounded by some
polynomial. For such potentials the free solution is an approximate solution for
sufficiently early times. That is, the scale factor evolves according to eq. 4.5.
Most observationally viable models for inflation satisfy this condition. We refer
the reader to Martin et al. [22] for a comprehensive overview of the viability of
different choices of inflaton potentials in the light of recent observations by the
Planck satellite.
The end of this early epoch is reached when 2V (φ) = α2 · 12piGT 2, where
0 < α2 < 1 is chosen to suit one’s desired level of accuracy. For concreteness,
consider a simple viable potential, such as a simple mass term, instantiating so-
called large-field inflation for parameter p = 2 (section A.3 in [22]), that is,
V (φ) = M4(φ/MPl)
2, (4.10)
where M is a constant corresponding to a mass scale determined by the CMB
normalisation and MPl is the Planck mass. For a first (and rather rough) approxi-
mation, let us assume that the free theory remains valid until equality is reached.
Then the boundary TB between epochs is given by the equation
α2 · 12piGT 2B = 2M4
(
ln(−TB)√
12piGMPl
)2
(4.11)
whose solution is TB = −exp[−w(α · 12piGMPl/
√
2M2)] where w(x) is the
Lambert Product-Log function.
For any potential that is strictly non-negative, as is the case in the chosen
example, the free evolution forms a lower bound for the (magnitude of) the scalar-
field velocity φ′ as well as the fractional rate of change of the scale factor. That is,
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the existence of a positive potential accelerates the rate of change of φ as well as
the expansion of the universe in comparison to the free theory. This applies to all
epochs.
In the late epoch 2V (φ) becomes comparable to 12piGT 2 in magnitude (by
definition of the onset of the late epoch). This implies that the denominator in
eq. 3.9 becomes small faster. Thus the interpretation a3 = H implies that the
existence of a potential causes an increase in expansion when compared to the
free theory. While we do not do so here, we anticipate these properties to be
useful when considering detailed cosmological models.
5 Quantisation
5.1 Quantum theory of the free scalar field
We now wish to construct a quantum theory using the classical theory developed
above as a starting point. For illustrative purposes, we first consider the free theory
with the classical Hamiltonian
H = − pφ√
12piG(−T ) (5.1)
(eq. 3.9 with V (φ) = 0). We promote the canonical variables to operators, φ →
φˆ and pφ → pˆφ = −i ∂∂φ , to act on a wavefunction Ψ(φ, T ) and as our law of
evolution we take the Schro¨dinger equation:
i
∂Ψ
∂T
(φ, T ) = HˆΨ(φ, T ) = −i 1√
12piG
1
T
∂Ψ
∂φ
(φ, T ). (5.2)
The Hamiltonian, being proportional to pˆφ, is a time-dependent generator of
translations in the configuration space of φ. Thus the wavefunction is shifted in
its entirety and the evolution is real (in the sense that if Ψ only takes real values at
one time T0, it takes real values at all times). To see this explicitly, first consider
the evolution of Ψ over a small time interval T0 → T0 + δT . To first order in δT
we have
Ψ(φ, T0 + δT ) = Ψ(φ, T0) + δT
∂Ψ
∂T
(φ, T0)
= Ψ(φ, T0)− 1√
12piG
δT
T0
∂Ψ
∂φ
(φ, T0)
= Ψ
(
φ− 1√
12piG
δT
T0
, T0
)
. (5.3)
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Thus during the interval δT the wavefunction is shifted in the direction of decreas-
ing φ (since T0 < 0 by assumption). For T0 → T = T0 + ∆T with finite ∆T , it is
readily shown that
Ψ(φ, T ) = Ψ
(
φ− 1√
12piG
ln
T
T0
, T0
)
(5.4)
satisfies eq. 5.2.
Eq. 5.4 implies that for T → −∞ the wavepacket is located at φ → +∞ and
for T → 0 at φ→ −∞, matching the classical evolution of φ. Since the shape of
Ψ in φ-space remains unchanged, the probability current j(φ, T ) will be uniform
in φ (though T -dependent). This will be seen explicitly below when we consider
the de Broglie-Bohm trajectories.
In standard quantum mechanics (without trajectories) the ‘classicality’ of the
quantum evolution may be seen at the level of expectation values. For an appro-
priately narrow wave function, we can apply Ehrenfest’s theorem and obtain
d
dT
〈φ〉 = 1√
12piGT
,
d
dT
〈pφ〉 = 0, (5.5)
that is, the classical evolution, but for expectation values. Using trajectories, we
will show that the assumption of a narrow wave packet is, in fact, unnecesarry in
order to obtain the classical-like behaviour.
First, however, consider now the role of the scale factor a. In the classical
theory we showed that the numerical value of the Hamiltonian could be interpreted
as the volume of the universe. This is also true for the quantum theory.
In a more usual context the classical interpretation of the value of the Hamil-
tonian is that of energy. In the quantum theory this translates into an energy
spectrum, given by the eigenvalues of the Hamiltonian operator (with correspond-
ing eigenstates). Analogously, it is natural here to interpret the eigenvalues of
the Hamiltonian as elements of a ‘volume spectrum’ with corresponding ‘volume
eigenstates’. In the quantum theory it is therefore plausible to characterise the vol-
ume (or scale factor) associated with a particular state via the expectation value of
the Hamiltonian4
a3 ≡ 〈Ψ | Hˆ |Ψ〉 . (5.6)
In order to see that this makes sense, consider the eigenstates of the Hamil-
tonian. It is easy to confirm that these are given by Ψk(φ) = Nke−ikφ, where
4If a were a dynamical variable of our Hamiltonian system (as it was in the unreduced model),
this equation would denote a constraint imposed at the level of expectation values. However, in
our case a is not such a variable and is instead introduced as a definition.
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k ∈ R labels the eigenstate and Nk is a normalisation constant. The correspond-
ing eigenvalues, which we write as ‘a3k’ since they are to correspond to a volume,
are
a3k =
1√
12piG
1
T
k. (5.7)
Thus the eigenvalue depends linearly on the wavenumber of the eigenstate and
inversely on York time T . Since k can take any real value, the spectrum is contin-
uous. Note that the time dependence is the same for all eigenstates and therefore
also for arbitrary linear superpositions. Since the set of Ψk form a complete basis
the time dependence is therefore identical for all states. Consider a linear super-
position Ψ(φ) =
∑
k AkΨk(φ) =
∑
k AkNke
−ikφ, where Ak ∈ C are arbitrary
coefficients. The volume expectation value (5.6) is
〈Ψ | Hˆ |Ψ〉 =
∫
dφ Ψ∗HˆΨ
=
1√
12piG
1
T
∑
k.k′
∫
dφ A∗k′Ψ
∗
k′kAkΨk
=
1√
12piG
1
T
∑
k
k|Ak|2 (5.8)
where in the last step we used the orthonormality of the eigenfunctions. The
volume expectation value is thus inversely proportional to T . The chosen state Ψ
only determines an overall factor
∑
k k|Ak|2.
Finally consider the time evolution of a3 for an arbitrary state Ψ. From da3/dT =
d 〈Ψ | Hˆ |Ψ〉 /dT , and using eq. 5.6, we see that
a′
a
= − 1
3T
(5.9)
independently of Ψ. Note that this is exactly the equation giving the evolution of
a in the classical theory.
If we consider quantum trajectories as they appear in the de Broglie-Bohm for-
mulation these will be geometrically parallel in the extended configuration space
(φ-T -space). The velocity (and therefore guidance equation for the trajectories)
can be read off from eq. 5.4 to be
vφ(T ) =
1√
12piG
1
T
. (5.10)
This result could also have been obtained by evaluating ∂
∂T
|Ψ|2 using the Schro¨dinger
equation in order to arrive at the continuity equation for the probability density.
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This result matches eq. 4.1, the equation for the classical trajectories. Thus the
de Broglie-Bohm and classical trajectories are identical. This may have been ex-
pected for a free theory. However, below we show that a similar result holds even
in the presence of a potential, which one would not naturally expect.
The use of quantum trajectories allows for an alternative method to calcu-
late the evolution of a via the identification of ‘local expectation values’ a3 ≡
Re[ψ∗Hˆψ/|ψ|2](φ, T ) (evaluated along the trajectory), in the sense of Holland
[17, sec. 3.5]. However, in this paper we choose to employ the identification of a3
via eq. 5.6.
From the equivalence of the classical and quantum trajectories it furthermore
follows that the relationship 4.6 and its solution 4.7 are also recovered.
5.2 Quantum theory with a potential
The recipe of quantisation is ambiguous for a non-zero potential V (φ) 6= 0 due to
the necessity of choosing a factor ordering in the Hamiltonian. Different choices
will lead to different dynamics. It turns out that the symmetric choice
Hˆ = −1
2
(
Uˆ−
1
2 pˆφ + pˆφUˆ
− 1
2
)
= +
1
2
(
i√
12piGT 2 − 2V (φ)
∂
∂φ
+
∂
∂φ
i√
12piGT 2 − 2V (φ)
)
, (5.11)
results in a Hermitian Hamiltonian, as may be readily verified.5 At the end of
this section we will also show that this ordering has the special property that the
resulting de Broglie-Bohm trajectories match those of the classical theory just as
they did in the free case.
5Other orderings, while not in general Hermitian, are however PT-symmetric for even po-
tentials V (φ), and so they may conceivably be considered as other viable choices, provided the
treatment is adjusted accordingly (with appropriately modified inner products). See Bender [9] for
an introduction to PT-symmetric Hamiltonians in quantum theory. Ultimately the right choice is
determined by observation.
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Application of Ehrenfest’s theorem gives
d
dT
〈φ〉 =
〈
1√
12piGT 2 − 2V (φ)
〉
d
dT
〈pφ〉 = −
〈
1
(12piGT 2 − 2V (φ)) 32
∂V
∂φ
pφ
〉
+
1
2
〈[
pφ,
1
(12piGT 2 − 2V (φ)) 32
∂V
∂φ
]〉
,
(5.12)
where the equation for φ has the form of the classical evolution equation, while
the momentum equation differs by the second expression. For a state that is suffi-
ciently ‘classical’, that is, appropriately localised in both position and momentum
(while consistent with the uncertainty principle) such that for a relevant functions
f(φ) it is the case that
〈f(φ, pφ)〉 ≈ f(〈φ〉, 〈pφ〉), (5.13)
we have for F (φ) = (12piGT 2 − 2V (φ))− 32 ∂V
∂φ
that
〈[pφ, F ]〉 = 〈(pφF − Fpφ)〉 = 〈pφF 〉 − 〈Fpφ〉 = 0, (5.14)
having used the condition 5.13 for the choice f(φ, pφ) = pφ · F (φ) in the last
equality. Thus the final term in the second equation of (5.12) vanishes. Condition
5.13 also allows us to replace the remaining expressions on the right-hand sides
of eqs. 5.12 by the appropriate functions of 〈φ〉 and we obtain classically evolving
expectation values since the equations have the same form as the classical equa-
tions fo φ′ and p′φ. Below we will show the recovery of classicality more fully at
the level of trajectories.
Let us consider the evolution of the scale factor a given by (5.6). Proceeding
as for the free theory, we first find the ‘volume eigenfunctions’. These are
ψTk = Nk
(
1− V (φ)
6piGT 2
) 1
4
e−ik
∫
dφ (1− V (φ)
6piGT2
)
1
2
, (5.15)
as is easy to verify. Unlike the eigenfunctions for the free theory, which were time
independent (only the eigenvalues carried time dependence), the functions here
are time dependent also. 6
6Indeed, it is easy to see why this must be so. Suppose we wish to find time-independent eigen-
functions χk(φ), satisfying Hˆχk = wk(T )χk(φ), where wk(T ) are the corresponding eigenval-
ues, which may depend on time T . Evaluating Hˆχk, the condition on χk would be that
wk(T ) = iU
− 12
(
∂ lnχk
∂φ
− 1
2
U−1
∂U
∂φ
)
(5.16)
is only a function of time T (since the eigenvalue wk(T ) cannot have dependence on φ). But no
time-independent χ can satisfy this condition since U(φ, T ) is time dependent.
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Note that we could have rescaled the eigenfunctions ψTk by an arbitrary func-
tion of time. This ambiguity is resolved by demanding that for early times −T 
1 the eigenfunctions match those of the free theory. This is a reasonable condition
since we have already established that the early-time dynamics for the trajectories
is well approximated by that of the free theory.
The eigenvalues correponding to these eigenfunctions (5.15) are
a3k =
1√
12piG
k
T
, (5.17)
that is, they match those of the free theory. However, the eigenfunctions ψk are not
normalisable over the entire real line, φ ∈ (−∞,∞) unless the V (φ) falls off suf-
ficiently fast as φ→ ±∞, which is not the case for many commonly investigated
potentials, such as V (φ) = M4(φ/MPl)2 considered above.
Time-dependent eigenfunctions of a time-dependent Hamiltonian do not, in
general, evolve into eigenfunctions (that is, a general eigenstate ψT0k ofH(T0) does
not evolve into an eigenstate ψT1k′ of H(T1)) and few general results are known.
We will postpone detailed analysis of appropriate models to future work.
Instead, let us consider a general superposition Ψ(T0) =
∑
k Ak(T0)ψ
T0
k (T0)
at time T0. For later times, we write Ψ(T ) =
∑
k Ak(T )ψ
T
k (T ), where we must
include the time-dependence of the coefficients Ak(T ) in order to account for the
fact that eigenfunctions of H(T0) do not evolve into eigenfunctions of H(T ) for
some T > T0. Setting a3 ≡ 〈Ψ |H |Ψ〉, we find
a3 =
∑
k
|Ak(T )|2|Nk|2
∫
dφ
√
1− V (φ)
6piGT 2
· 1√
12piG
k
T
. (5.18)
Differentiation with respect to T gives
a′
a
= − 1
3T
(
1−
∫
dφ 2V (φ)/
√
12piGT 2 − 2V (φ)∫
dφ
√
12piGT 2 − 2V (φ)
)
+
∑
k |Nk|2 · k · ddT |Ak(T )|2
3
∑
k |Nk|2 · k · |Ak(T )|2
.
(5.19)
We note that in this expression only the last term depends on the quantum state.
In general, the two integrals may be divergent and care must be taken when evalu-
ating their ratio. In practice, some regularisation method may have to be applied.
The result for the free theory is recovered in the case when V (φ) = 0.
Consider finally the de Broglie-Bohm trajectories. From the Schro¨dinger
equation for this Hamiltonian Hˆ it is straightforward to derive the continuity equa-
tion for the probability density,
∂|Ψ|2
∂T
=
∂
∂φ
(
U−
1
2 |Ψ|2
)
(5.20)
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from which we read off the guidance equation for the de Broglie-Bohm trajecto-
ries,
vφ = −U− 12 = − 1√
12piGT 2 − 2V (φ) . (5.21)
This is indeed the classical velocity φ′ for an arbitrary potential V (φ).
It is interesting to note that the velocity vφ is independent of the state Ψ and
only depends on the position in φ-configuration space. This is a result of the first-
order form of the Hamiltonian and contrasts to more conventional second-order
systems (where the velocity might depend on the phase of Ψ, for example).
The identical law for the classical and de Broglie-Bohm trajectories implies
that our considerations for the classical evolution of the universe apply to the
quantum evolution, too. This will enable us to develop a perturbation theory that
is entirely quantum, using the fact that the homogeneous background evolves just
as if it were classical and independently of the quantum state. We will return to
this idea in the conclusions and in future work.
6 Conclusions
In this paper we have laid the ground work for cosmology in terms of York time,
a parameter that has several properties making it a viable candidate for a physical
time (going back to a suggestion by Choquet-Bruhat and York [13] and others).
Using the example of a scalar field, which after deparameterisation was the only
degree of freedom, we reported on the principles employed in the development of
the classical and quantum dynamics. The scale parameter a was reintroduced as
an interpretation of the numerical value of the reduced Hamiltonian. Solving the
Hamiltonian constraint for −a3, the variable conjugate to T , is equivalent to solv-
ing the Lichnerowicz equation for the rescaling parameter ϕ (with a3 ∼ ϕ6) for
the homogeneous isotropic case. In analogy with ‘energy’ (the interpretation of
the numerical value of the Hamiltonian in more usual systems), a3 was identified
as a ‘volume expectation value’ in the quantum theory.
The dynamics of the quantum theory derived from the deparametrised classical
theory is not frozen since the chosen time parameter, York time, is given a physical
meaning and the dynamics is not time-reparametrisation invariant.
The classical York-time dynamics of φwas shown to be governed by an explic-
itly time-dependent first-order non-linear differential equation that was decoupled
from the momentum pφ. In the quantum theory the factor ordering ambiguity in
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the case of non-zero potential was resolved by noting that only a symmetric or-
dering gave a Hermitian Hamiltonian. Interestingly, if trajectories are introduced
in the quantum theory in the sense of de Broglie-Bohm, these are found to match
the classical ones exactly for this ordering. That is, the de Broglie-Bohm guid-
ance equation was independent of the state Ψ and matched the classical evolution
equation.
Having established these results, the next step will be the development of cos-
mological perturbation theory with York time. Here de Broglie-Bohm trajectories
will be a useful mathematical tool for developing the perturbation theory entirely
at the quantum level. Solving the Hamiltonian constraint in this case will corre-
spond to solving the Lichnerowicz equation perturbatively around a homogeneous
isotropic solution. We will elaborate on the details in a future paper. The idea
will be that instead of quantising perturbations on a classical background, we first
quantise the background, find the de Broglie-Bohm trajectory and analyse pertur-
bations around this trajectory. This is why we consider the employment of such
trajectories useful for more than simply interpretational reasons.
The fact that in our model the de Broglie-Bohm and classical trajectories
match (for an appropriate factor ordering) emerges from the dynamics, specifi-
cally the linearity of the Hamiltonian in pφ. Note however that this is not a general
feature but a result of the facts that a single degree of freedom was left following
the Hamiltonian reduction and that we considered the flat case k = 0 (since Ck
in the solution to the Hamiltonian constraint contains reference to pφ if k 6= 0).
If other matter degrees of freedom are added one obtains a Hamiltonian propor-
tional to (
∑
i pφ2i )
1
2 , where i labels the (bosonic) matter degrees of freedom, and
one would not in general expect a match of the two types of trajectories. The same
holds true in the presence of other geometric degrees of freedom in other minisu-
perspace models, such as for the mixmaster universe (Bianchi IX). However, the
proposed program of perturbing around the de Broglie-Bohm trajectories is logi-
cally independent of the equivalence between the classical and quantum results.
It remains to be seen whether this approach ultimately yields a viable cos-
mology (theoretically and phenomenologically) once other matter fields and per-
turbations are introduced. It will be interesting to compare the dynamics of our
approach with that in terms of the usual Mukhanov and Bardeen variables.
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A Equivalence of York-time and cosmological-time
dynamics
The Friedmann-Lemaıˆtre equations with a scalar field φ in a spatially flat universe
(k = 0) written in terms of York time T are
16pi2G2T 2 =
8piG
3
(
1
2
N−2T φ
′2 + V (φ)
)
(A.1)
a′
a
= − T
T 2 + 1
6piG
(N2Tφ
′2 − V (φ)) , (A.2)
where the inverse York lapse isN−1T = −4piGTa/a′. These are eqs. 2.10 and 2.14
with ρ = 1
2
φ˙2+V (φ) = 1
2
N−2T φ
′2+V (φ) andP = 1
2
φ˙2−V (φ) = 1
2
N−2T φ
′2−V (φ).
We wish to recover these equations from the reduced Hamiltonian dynamics, that
is, eqs. 3.10 and 3.11 together with the interpretation of the numerical value of the
Hamiltonian as ‘volume’, a3 = H , with H given by eq. 3.9.
Begin by noting that a3 = H(φ, pφ, T ) is to hold at all times, and so da3/dT =
dH/dT . Using eq. 3.9, the right-hand side becomes the sum of three terms, two
of which cancel after use of eqs. 3.10 and 3.11, leaving
3a3
a′
a
=
T
T 2 − 1
6piG
V (φ)
· pφ√
12piGT 2 − 2V (φ) . (A.3)
The second factor on the right-hand side is just the expression for the negative of
the Hamiltonian H , which cancels with the a3 term on the left, up to a sign, so
that
a′
a
= − T
3T 2 − 3
6piG
V (φ)
. (A.4)
Using this and eq. 3.10 implies after a little algebra
12piGT 2 = 16pi2G2T 2
a2
a′2
+ 2V (φ), (A.5)
which, after multiplication by 4
3
piG and identification of the lapse NT yields eq.
A.1.
In order to derive eq. A.2 we return to eq. A.4, writing it in the form
a′
a
= − T
T 2 − 1
6piG
V (φ) +
(
2T 2 − 2
6piG
V (φ)
) . (A.6)
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Using eq. A.1 and the expression for NT to eliminate the term in parentheses in
favour of 1
6piG
N−2T φ
′2 then gives the desired result.
The Klein-Gordon equation (2.16) is recovered by differentiation of eqs. A.4
and 3.10 with respect to T and elimination of the term involving ∂V
∂φ
. Subsequent
use of eq. 3.10 and A.1 then allows rearrangement into the form of eq. 2.16.
Note the ‘holistic’ manner in which the dynamics is equivalent. All dynamical
equations and the interpretation a3 = H were necessary together in order to derive
all of the standard FLE’s and the Klein-Gordon equation (although these are not
the natural equations with which to work in practice in the reduced Hamiltonian
formalism).
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